
Topic 7-[second order linear homogeneursconstant crefficient ODEs



In this topic we will learn how

to find two linearly independent

solutions to[11 I

any + a , y + aoy
= 0

constants and acto

where G2 ,
a , do

are



Lef: The characteristic equation
of
-

azy" + a , y + a . y = 0[is
a
,
r + a , r + a. = 0

There are three cases
that can occur for

the roofs of the
characteristic equation

·distinct rel
o is

equation O f

F2y" - 5y'- 3y 8

2-S-
(2 + 1)(u - 3)

= ⑧

which

M

has two distinct
real roots

I-↑ =- Yz ,



Ex of two repeated real roots
:

-

The characteristic equation
of

y"- 4y + 4y = 0[is r2 4r + 4 = 0-

which becomes

(r- 2)(r - 2)
= 0

repeated real
rootr = 2

which has one

Ex of two complex conjugate roots :
-

The characteristic polynomial
of

y" - 4y + 13y = 0
is

r
2
- 4m + 13 = 0[which has roofs=554115) =2
- ( - 4) &

r =-
2(1)

Thus, we get two complex
roots

r = 2 + 3i , r
- 3i



Let's analyze the cases starting with cases
1 & 2.

Suppose the
characteristic equation

a
,
r + a , r + 90 = 0

of

azy" + a ,y+ a . y = 0
has a real root M

Then ,

ar+ a , + + a. = 0

Consider the function f(x) = er
*

Then , f(x)
= re

,
f"(x) = re

So , pluggingf into
the ODE gives

acf" + a ,f +
not

rx
r *

+ ase

= are
*

+ a ,
re

=
ex (a2r + a ,

r +
ad

=
eY(0)

= 0

Thus , f(x)
= e

t is a solution to

azy" + a ,y + a + y = 0



Case 1 : Suppose r,
,
re are roots of the

-

characteristic polynomial
with r , %2 .

Then

EX both solve

f
,
(x) = eiX and fa(x)

= e

the ODE and the Wronskian
is

I
r
, X C

E2X

Iweix, erX) =
e

rX 52X

re rzC

(r,+ rz)X (r+ (2)Y

= Re - r,e

cri + 12)X
+0 for any X

= (rz - r, )eu
-

(
,
+ ()Xy8E- r, +0 e

X

Thus
,
f,(x) = ei

Y

and falx)
= e are

linearly independent
and every

solution

to any" + aiy' + any
= 0 will be

of

the form

Yn =
c

,
e** + Ge

Y



caseI :

The ODE

2y" - 5y' - 3y = 0

characteristic polynomialhas

2 m2 - 5m-3 = (2m + 1)(m -3)

Since we have two distinct roots
-E , 3[lution toevery so

2y" - Sy' - 3y = 0

is of the form
- EX 3x

yn = c ,
e + Gl



&2 : Suppose the characteristic polynomial

of any" + anytaoy = 0 has only one real

root if
but it's repeated.

r
,
X

We know one
solution will be f , (x)

= e.
r
,
X

Let's show that another
solution is f(x)

= Xe .

Since t , is a repentlet
we get

ant"+ a , u + a. = a , (r
- r

,
P

= azrzazr + azrie tagbra
-

Thus
,
a
,
= -zaar , and as = air?

So the ODE becomes
2
= O

any"-2acr , y+ azr , Y r
,
X

Let's now plug in fa(x)
= Xe.

We have riX

fz(x) = XC
r
,
X

fi(x) = eix + r, xe

fi(x) = re + re+ rixe

Plugging fo into the ODE gives



auf-zaar , fat a rife

= earixe
- re-zarixei

+ azrixeix

= xeix (a ,ri - zacr. r, +
azri)

= xeix (a, + a ,5, + a)
-

O

= 0

Thus
,
filx) = xe** also

solves the ODZ.
r
,
X

The Wronskinn
of fi(x) = e

Y and fa(x) = xe

r ,
X

r
,
Y XC

is

w(ei , xe
** ) = I

e

r
,
X

en* + r, Xe
r
,
X I

r
,
e

2r, X
zr ,
X 2r , X

- etrixe
- rixe

= ea to for any X



This
,
fi(x) = en

*

and fa(x) = xei* are

two linearly independent solutions
to

any" + anyt doy = 0 in this case and

every solution
must be of the form

r
,
X

r ,X

Yu = c ,
2 + CX2

-

Ex of case 2 :
-

The characteristic equation of
S

y" - 4y + 4y = 0

is

r2 4r + 4 I j

which become[(r - 2)(r - 2) = 0 of real root r
= 2.

Thus
,
we have

a repeated

So every so lution

Y
"
- 4Y

I

+ 4y = 0

s of the formI 2x
2X

Yh= e + CX2



&use 3 : Suppose the characteristic polynomial

of any" + a , y' + agy = 0 has two complex roofs .

We can divide by an
and we get the

same equation y"+ y + y =
0. For ease

of denivation lets assume
our equation

has

the form y"+ by t cy = 0 .

And suppose
we

have two complex roots : <tip
and <-iB.

We claim that f , (x)
= e

↓X cos(BX) and

a sin(px) will be
linearly

independent

fz(x) = e

solutions to the ODE.

Since tip and d-is
are roots

we
know

the characteristic
equation

factors as follows
:

r+ bu + c
= (r - ( + iB))(r

- ( - ip))

= r- 22r
+ 2 + B

Thus , b =
- 22 and c

= c + B .

↓

Let's show f
,
(x) = ecos(BX)

solves the ODE
.

We have

f
,
(x) = e
*

(os(px)



fi(x) = xed"cos(BX) -Besin(ex)
* sin (BX)

f,"(x) = dedcos(ix) - ABC
- Bae
* sin(BX) - Bre

**cos(ex)

= cecos(px)
- 2aBesin(BX)

- ple
*

cos(BX)

Plugging these into
the UDE gives

fi + bfi + (f , = f ,
"
- 2af ,+ (2+ 3)t ,

= je*os(px) - zaBe
* sin(Bx) - Be co1(px)
*
sin (BX)

- 25e
* (os(px) + 2aBe

26X

+ decos(Bx)
+ Be cos(BX)

= (2 B - 22 + 2 + pi)cos(px)

+ ( - 24B + 2xB)sin(Bx)

= O

So
,
f
,
(x) = ed"cos(BX) solves the ODE .

Similarly you can check
that fa(x) = e

*sin(BX)

solves the ODE . Let's make sure these



solutions are linearly independent.

We have

We
*

cos(px) , e
*sin(px))

ed*cos(BX)
ed"sin(Bx) I

= I xedcos(BX) - Betsin(px) desin(Bx) + Betcos(px)

=
decos(px(sin(BX) + Bed

"cos(BX

-
delsin(px(cos(BX) + pesin

(px)

= Be
* ((02(px) + Sin (px)

= Be
**

# 0 for any x since BFO.

Conclusion : Every solution
to the ODE is

of the form

Yn = c ,
e

*

cos(Bx) + cesin(px)



Ex: The ODE

y"- 4y + 13y = 0

has charcteristic equa

r2 14r + 13 = 0

tion

3 Wean eer
which has two complex

roots 3
-

r = 2 + 3i , 2
- 3r

- L

d + ipx - iP[x = 2 , B = 3Thus every solution
to y"- 4y + 13 y = 0

is of the form

3n = c ,
e
"

cos(3x) +csin (3x)

where <,
a are

constants



Emmary : Consider the second order

linear , homogeneous
ODE

azy" + a ,y + a . y = 0
(k)

constants
where Go ,

a
, an

are
real number

and as to

Muse1 : If the
characteristic equation

of (A)
has

two distinct real roofs
N
.,
E2,
then every

solution ofC
is of the form

r2X[Yu = c , 2
+ (2

of (A)

case 2 : If the
characteristic equation Ione

real repeated
root r, then every-

has form

solution to
LI is of the

rX
rX

Yu =
c
,
e +CX2

If the
characteristic equation

of (A)

cuse 3
: and 2-ip
-

complex roots
+ is

form
has two

solution to
(A) is

of the

then every LX

yn = c ,
edcos(BX) + Ge sin(px)


